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HYDRODYNAMICAL ASPECTS I N  THE PROBLEM OF 
DETERMINING THE HEIGHT OF A  DIKE ALONG 
RIVER REACHES SUBJECT TO FLOOD 
P a v e 1  K o r y a v o v  
J u n e  1 9 7 5  
R e s e a r c h  M e m o r a n d a  are  i n f o r m a l  p u b l i c a t i o n s  
r e l a t i n g  t o  ongoing o r  projected areas of re- 
search a t  I I A S A .  T h e  v i e w s  expressed are  
those of t h e  a u t h o r ,  and do n o t  n e c e s s a r i l y  
r e f l e c t  t hose  of I I A S A .  

H I  
Determininu t h e  Heiuht of a  Dike Alonu 
River  Reaches S u b j e c t  t o  Flood 
Pave1 Koryavov 
1. The problem of f i n d i n g  t h e  r equ i r ed  d i k e  h e i g h t  along 
a  channel  o r  r i v e r  reach  i s  an important  element of t h e  r i v e r  
b a s i n  p r o j e c t ,  and i n  a  s imu la t ion  system, it is  necessary  t o  
have a  s p e c i a l  b lock f o r  t h i s  problem. I t  should c o n t a i n  t h e  
system of models and a lgor i thms  f o r  des ign  of t h e  p r o t e c t i o n  
c o n s t r u c t i o n s .  I n  Lhis  paper one of t h e  s i m p l e s t  models of 
t h a t  t ype  w i l l  be d i scussed .  
P r a c t i c a l l y  speaking,  it i s  a  ve ry  u s u a l  s i t u a t i o n  when 
an investment  i n  a  d i k e ' s  c o n s t r u c t i o n  i s  l i m i t e d ,  and t h e  
g iven  amount i s  n o t  enough f o r  t h e  complete p reven t ion  of t h e  
f l o o d  under a l l  meteoro log ica l  c o n d i t i o n s .  Therefore ,  t h e  
problem of f i n d i n g  forms of t h e  d i k e  D(x)  which l e a d s  t o  mini- 
mum l o s s e s  from t h e  f l ood  unde rh the  c o n d i t i o n  of a  f i x e d  i n v e s t -  
ment f o r  t h e  d i k e  c o n s t r u c t i o n  L a r i s e s .  
For an a c c u r a t e  s ta tement  of t h e  problem it i s  necessary  
t o  make some assumptions:  
1) Hypothesis  of s t a t i o n a r i t y :  r i v e r  f low i n  a  d i k e  
system i s  desc r ibed  by s t a t i o n a r y  Saint-Venant equa- 
t i o n s .  I 
2 )  Hypothesis  of complete c e r t a i n t y :  s t o c h a s t i c  f e a t u r e s  
of t h e  process  could be l e f t  o u t  of t h e  account .  
The f i r s t  assumption p r e s e n t s  t h e  p o s s i b i l i t y  of neg lec t ing  
t h e  i n i t i a l  s t e p  of t h e  f l o o d ,  and t h i s  i s  v a l i d ,  f o r  example, 
i n  t h e  c a s e  of n o t  very  b i g  f l o o d s  o r  when upstream s t o r a g e  
could have a  dampening e f f e c t .  The second assumption i s  q u i t e  
u s u a l  f o r  any engineer ing  c o n s i d e r a t i o n s  which a r e  o r i e n t e d  t o  
a  c a l c u l a t i o n  of p a r t i c u l a r  c a s e s  o r  t o  a n a l y s i s  of some par-  
t i c u l a r  c a s e s .  
2 .  Denote by S  t h e  l o s s e s  from t h e  f l ood .  I t  w i l l  be 
some f u n c t i o n  of t h e  amount of t h e  water  Q which overf lows t h e  
d i k e  a long  an i n t e r v a l  0 < - x < X 
- 
Here XE [O,X] is  t h e  d i s t a n c e  a l o n g  t h e  r e a c h  of t h e  r i v e r  o r  
chan n e l  from i t s  beg inn ing .  Le t  
So q ( x )  i s  t h e  d i s c h a r g e  of t h e  ove r f l ow  over  a  d i k e  i n  t h e  
c r o s s  s e c t i o n  of  t h e  r i v e r  w i t h  c o o r d i n a t e  x .   his v a l u e  is  
a  f u n c t i o n  o f  t h e  h e i g h t  of a  d i k e  D (x )  and t h e  d e p t h  of wa te r  
i n  t h e  r i v e r  h ( x ) ,  i . e .  q  = q ( D , h ) .  T h i s  f u n c t i o n  i s  a  complex 
and n o n l i n e a r  one ,  hav ing  t h e  form shown i n  F i g u r e  1. W e  w i l l  
r e t u r n  t o  d i s c u s s  it l a t e r .  
F I G U R E  1. 
Value h  shou ld  s a t i s f y  t h e  Saint -Venant  e q u a t i o n s  and it 
depends  on t h e  h e i g h t  of  a  d i k e  and o t h e r  pa r a me te r s  of t h e  
problem. L a t e r  w e  w i l l  show how w e  c o u l d  g e t  a n  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n  f o r  h ( x )  from t h o s e  e q u a t i o n s  s o  t h a t  
Inves tment  f o r  d i k e  c o n s t r u c t i o n  a l s o  c o u l d  be r e p r e s e n t e d  i n  
a d i f f e r e n t i a l  form 
V a r i a b l e s  h ,  Q and L shou ld  s a t i s f y  t h e  f o l l o w i n g  o b v i o u s  
c o n d i t i o n s :  
Q ( X )  = f r e e  , 
h ( x )  = f ree  , 
Value  ho i s  t h e  d e p t h  o f  t h e  w a t e r  a t  t h e  i n i t i a l  c r o s s  s e c t i o n  
of t h e  r i v e r  r e a c h ,  a c h a r a c t e r i s t i c  of  t h e  f low regime under  
c o n s i d e r a t i o n .  2 i s  t h e  t o t a l  i n v e s t m e n t  f o r  d i k e  c o n s t r u c t i o n .  
So t h e  problem of  f i n d i n g  t h e  h e i g h t  o f  t h e  d i k e  i s  reduced 
t o  a n  o p t i m a l  c o n t r o l  problem where t h e  h e i g h t  of  t h e  d i k e  p l a y s  
t h e  r o l e  of  c o n t r o l  v a r i a b l e .  
3 .  The f o l l o w i n g  i s  a n  a c c u r a t e  s t a t e m e n t  of t h e  problem 
under  c o n s i d e r a t i o n :  f i n d  c o n t r o l  f u n c t i o n  D ( x )  and phase  
v a r i a b l e s  Q ( x )  , h  ( x )  and L ( x )  r e l a t e d  by d i f f e r e n t i a l  e q u a t i o n s  
( 2 1 ,  ( 3 )  and ( 4 )  t h a t  s a t i s f y  t h e  boundary c o n d i t i o n s  ( 5 )  such  
t h a t  f u n c t i o n a l  S  r e a c h e s  i t s  minimum v a l u e .  T h i s  i s  t h e  c l a s -  
s i c a l  Meier problem and f o r  i t s  s o l u t i o n  t h e  class ica l  method 
of v a r i a t i o n a l  c a l c u l a t i o n  c o u l d  be  u s e d .  
L e t  u s  i n t r o d u c e  Lagrange m u l t i p l i e r s  A A h  and A and 
c o n s t r u c t  t h e  Hami l ton ian  f u n c t i o n  Q L 
NOW w e  c o u l d  w r i t e  t h e  e q u a t i o n  f o r  t h e  i m p u l s e s  I 
S ince  t h e r e  a r e  no r e s t r i c t i o n s  on t h e  f u n c t i o n  Q ( x )  and 
t h e  f u n c t i o n a l  S  i s  d e f i n e d  o n l y  by t h e  v a l u e  of  Q ( x ) ,  t h e  
c o n d i t i o n  of t r a n s v e r s a l i t y  g i v e s  t h e  f o l l o w i n g  v a l u e  of ( x )  Q 
Then 
and t h e r e f  o r e  
X L  = c o n s t .  
Thus h L  i s  a  f r e e  pa r ame te r  and cou ld  b e  chosen  from c o n d i t i o n  
( 5 ) .  
F unc t i on  s a t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n  h  
and t h e  c o n d i t i o n  
S i n c e  t h e r e  a r e  no r e s t r i c t i o n s  on D (x )  , w e  cou ld  u s e  t h e  
Lagrange n e c e s s i t y  c o n d i t i o n  
T h i s  l e a d s  t o  t h e  f o l l o w i n g  e q u a t i o n  f o r  D 
which d e f i n e d  t h e  D- l ike  f u n c t i o n  of  phase  v a r i a b l e s ,  Lagrange 
m u l t i p l i e r s  and i ndependen t  v a r i a b l e  x:  
Thus t h e  problems of  f i n d i n g  t h e  s h a p e  o f  t h e  d i k e ,  t h e  
r eg ime  of t h e  f l o w  and l o s s e s  from t h e  f l o o d  a r e  r educed  t o  
t h e  boundary  v a l u e  problem: d i f f e r e n t i a l  e q u a t i o n s  ( Z ) ,  ( 3 ) ,  
( 4 )  , ( 7 )  and (10) w i t 1 1  boundary  c o n d i t i o n s  ( 5 ) ,  ( 8 )  and (11). 
To s a t i s f y  t h r e e  c o n d i t i o n s  on t h e  r i g h t  end 
a t  o u r  d i s p o s a l  t h e r e  are t h r e e  p a r a m e t e r s  h (0)  , h Q ( 0 )  and h  
c o n s t a n t  X L' F o r  t h e  s o l u t i o n  o f  t h i s  problem a  s t a n d a r d  
Newton method program c o u l d  b e  used .  
4 .  L e t  u s  s p e c i f y  now t h e  f u n c t i o n s  i n  d i f f e r e n t i a l  
e q u a t i o n s  of  t h e  problem. The s t e a d y  s t a t e  f l o w  i n  t h e  c h a n n e l  
c o u l d  b e  d e s c r i b e d  by Sa in t -Venan t  e q u a t i o n s  
Here 
u  = t h e  a v e r a g e  v e l o c i t y  o f  t h e  f l o w ;  I 
B = t h e  w i d t h  o f  t h e  c h a n n e l ,  which w e  assume con- 
s t a n t ;  
g  = t h e  a c c e l e r a t i o n  o f  g r a v i t y ;  
8 = t h e  s l o p e  o f  t h e  c h a n n e l  bed ;  
x = t h e  " f r i c t i o n a l  s l o p e "  o f  t h e  c h a n n e l ,  n o n l i n e a r  
f u n c t i o n  o f  t h e  v e l o c i t y  u; 
R = t h e  h y d r a u l i c  r a d i u s  e q u a l  t o  t h e  r a t i o  o f  t h e  
c r o s s - s e c t i o n  a r e a  o f  t h e  water t o  t h e  w e t t e d  
p e r i m e t e r ;  
y and n  = p o s i t i v e  e m p i r i c a l  parameters .  
Equation (15) could be reduced t o  t h e  fo l lowing  form 
and hence 
The f i r s t  term i n  t h e  r ight-hand p a r t  of equa t ion  ( 1 7 )  i s  a  
c o n s t a n t ,  which should be given.  Denote it by A .  Thus 
and t h e r e f o r e  
A f t e r  s u b s t i t u t i n g  (18) and (19) i n t o  equa t ion  ( 1 4 )  and 
r e s o l v i n g  f o r  dh/dx we w i l l  have 
5. Let  u s  now c o n s i d e r  t h e  f u n c t i o n  q (h,D) . I t s  q u a l i -  
t a t i v e  behavior  was shown i n  F igu re  1. I n  engineer ing  p r a c t i c e  
an  e m p i r i c a l  formula i s  used very  o f t e n .  With our  n o t a t i o n  it 
has  t h e  form 
Here m = the empirical coefficient. Equation (21) 
describes function q as differentiable with respect to its 
arguments.1 We should also make a few remarks on the function 
R(D). It is defined by the specifity of the project and the 
conditions of building the protective construction. Function 
R(D) is always convex and could be approximated by parabola 
6. The presented problem could have different modifica- 
tions. In particular, it could be formulated as a dual problem: 
find the minimum investment for dike construction under given 
losses from a flood, for example, a dike which guarantees zero 
losses from floods and has minimal investment for construction. 
The main parameter of this problem, which defines its 
peculiarities, is the initial level of the flood, h(0). l?y 
changing this parameter and solving ~ariational~problems for 
each of its values, we will find function S(ho,L). The 
character of this function is shown in Figure 2. 
F I G U R E  2. 
'For a more detailed explanation of this formula see 1.1. 
Agroskin, G.B. Dmitriev and F.I. Pikalov, "Energy", in 
Hydraulics, Moscow, Leningrad, 1964; pp. 256-257. 
A 
By so lv ing  d u a l  problems we could f i n d  f u n c t i o n s  L ( s , ~ ~ ) .  
Such f u n c t i o n s  could  s e r v e  a s  a  base f o r  making d e c i s i o n s  on 
choosing t h e  shape of t h e  d ike .  The presen ted  model does  n o t  
need s p e c i a l  sof tware .  Numerical s o l u t i o n s  could be found by 
using t h e  s t anda rd  Newton method program. 
